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Quantum optics in a non-inertial reference frame: the Rabi splitting in a rotating ring cavity
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We study quantum optics with the atoms coupled to the quantized electromagnetic (EM) field in a non-
inertial reference frame by making use of quantum field theory in curved spacetime. We rigorously establish
the microscopic model for a two-level atom interacting with the quantized EM field in a rotating ring cavity by
deriving a Jaynes-Cummings (JC) type Hamiltonian. Due to the two fold degeneracy of the ring cavity modes,
the Rabi splitting exhibits three rather than two resonant frequency peaks. We find that the heights of the two
side peaks show a sensitive linear dependence on the rotating velocity. This high sensitivity can be utilized to
detect the angular velocity of the whole system.
PACS numbers: 42.50.-p, 42.50.Ct, 42.81.Pa
Introduction – The interference of of two light beams in a
rotating ring can be utilized to measure the rotating velocity.
This is well known as the Sagnac effect, which bases some
optical gyroscope schemes [1–6]. For the Sagnac effect in the
medium with linear dispersion, there have been a lot of so-
phisticated studies based on classical optics. If we want to
make the optical gyroscopes to an extremely high precision, it
is necessary to consider the quantum fluctuations in this rotat-
ing optical system. We notice that a rigorous quantum theory
about the microscopic model about the interaction between
the atoms and the quantized EM field in a rotating reference
frame is still not well established, but it is obviously essential
for the study of quantum and nonlinear effects in a rotating
optical system.
In this letter, we ascribe the effects of rotation to the
“curved” spacetime metric according to the generic principles
in relativity. Starting from the classical Lagrangians of the
EM field and a charged particle based on the the principle of
least action, we obtain the covariant motion equations in the
rotating non-inertial reference frame (NIRF). The variation is
carried out in the rotating reference frame, and all the non-
inertial physical effects rooted in the rotation are included in
the “curved” spacetime metric. Then we obtain the quantized
Hamiltonian for quantum optics in NIRF through the canoni-
cal quantization.
We derive a microscopic model of an atom interacting with
the quantized EM field in a rotating reference frame, which
then gives the Jaynes-Cummings (JC) model for a rotating
ring cavity coupled with a two-level atom. For a ring cavity
in the inertial rest frame, the clockwise (CW) and counter-
clockwise (CCW) propagating optical modes are always ex-
actly degenerated. Thus, in the JC model of a ring cavity,
the atom couples with the two degenerate modes simultane-
ously. Due to the existence of two optical modes, the Rabi
splitting of this system exhibits three rather than two resonant
frequency peaks. More importantly, we find that the rotation
of the ring would induce a detuning between the original de-
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Figure 1: (Color online) Schematic setup. A two-level atom is fixed
in the rotating ring, and external fibers are used for driving and prob-
ing. Two photon detectors (PD) are used to measure the photon cur-
rent.
generated modes in the non-inertial frame, and the heights of
the two side peaks would change with the rotating speed due
to this rotation induced detuning. At lower speed, the heights
of the side peaks depend linearly on the rotating velocity. This
sensitivity can be utilized to detect the rotation of the whole
system, which can be regarded as a quantum Sagnac effect.
EM field in the rotating reference frame – We consider
the EM field rotating around the z-axial in the CCW direction
with angular speed Ω. Physics laws must have the same co-
variant mathematical form in all reference frames (including
the non-inertial rotating frame that we are studying). Thus,
in the rotating reference frame, the Lagrangian density of the
EM field is
L = − 1
4µ0
FµνFµν . (1)
Here µ0 is the magnetic constant, Fµν := ∇µAν −∇νAµ =
∂µAν − ∂νAµ and Fµν := gµαgνβFαβ . In the above def-
initions, ∂µ := ∂/∂xµ, where xµ := (ct, x, y, z) is the 4-
dimensional coordinate, and Aµ := (−φ/c,Ai) (i = 1, 2, 3)
is the electromagnetic 4-potential. ∇µ is the covariant deriva-
2tion defined by
∇µAν = ∂µAν − ΓτµνAτ . (2)
Here Γτµν is the Christoffel symbol and it can be calculated
from the spacetime metric gµν [7, 8]. All the physical effects
due to the rotation are included in the “curved” spacetime met-
ric gµν (see Ref. [2, 9] or Appendix A), i.e.,
gµν =


−1 −Ωy
c
Ωx
c
−Ωy
c
1− Ω2y2
c2
Ω
2xy
c2
Ωx
c
Ω
2xy
c2
1− Ω2x2
c2
1

 . (3)
From the variation of the action
δS = δ
ˆ
L · √−gd4xµ := δ
ˆ
L˜ d4xµ, (4)
we obtain the Euler-Lagrangian equation as
∂µ
[ ∂L˜
∂(∂µAν)
]
=
∂L˜
∂Aν
⇒ 1√−g∂µ[
√−gFµν ] = ∇µFµν = 0,
where g := det gµν . Here L˜ := √−gL is a functional of Aµ
and ∂µAν . This is the covariant form of the Maxwell equa-
tion, which applies to all general reference frames (both iner-
tial and non-inertial ones) [7]. Substituting the spacetime met-
ric Eq. (3) into the above covariant equation, and taking the
Coulomb gauge∇·A = 0, A0 = 0, we obtain the d’Alembert
equation ∇µ∇µAi = 0 as
[−∂20 +∇2 + 2v˜R · ∇∂0 − (v˜R · ∇)2]Ai = 0. (5)
Here ∂0 := c−1∂/∂t, v˜R := vR/c, and vR := Ω × r is the
linear velocity.
Next we reduce the problem into a quasi-1D ring configu-
ration. We assume that A(r) is homogenous in the transverse
direction, and we have∇ ≃ eˆs∂s [9], where eˆs is the direction
along the ring. Then we have
[−∂20 + 2v˜R∂s∂0 + (1− v˜2R)∂2s ]Ai = 0. (6)
Here v˜R = vR/c and vR := |vR| = ΩR is the linear speed.
The general solution of the above equation is
A(s, t) =
∑
k,λ
eˆkλZk[αkλe
iks−iωkt + α∗kλe
−iks+iωkt], (7)
where k = 2πn/L, n ∈ Z, and L is the length of the ring [14];
eˆkλ is the polarization directions in the transverse section, and
Zk is a normalization constant. The eigenvalue equation of
Eq. (6), ω2k + 2vRkωk − (c2 − v2R)k2 = 0, gives rise to the
following dispersion relation
ωk = ±ck − vRk. (8)
Therefore, the rotation makes the dispersion relation
anisotropic, i.e., for the two modes k+ = |k| and k− = −|k|,
their frequencies ωk± no longer equal.
Quantization of the EM field – Under the Coulomb gauge
we used above, the canonical momentums are E0 = 0 and
E i = ∂L˜
∂(∂tAi)
= −ε0(E− vR ×B)i, (9)
where ε0 is the electric constant. The Hamiltonian density
H = E i∂tAi − L˜ is obtained as
H = 1
2
(ε0E
2 +
1
µ0
B
2)− 1
2
ε0(vR ×B)2. (10)
Restricted in the quasi-1D ring configuration, respectively
they become
E i = ε0(∂tA− vR∂sA)i,
H = 1
2
ε0(∂tA)
2 +
1− v˜2R
2µ0
(∂sA)
2. (11)
Notice that since ∇ ≃ eˆs∂s, the Coulomb gauge ∇ · A = 0
leads to A · eˆs = 0. Namely, A(s, t) only has two transverse
directions, and so does the canonical momentum E(s, t).
We apply the following canonical quantization condition
[Aˆλ(s, t), Eˆσ(s′, t)] = i~δσλδ(s− s′) · S−1, (12)
[Aˆλ(s, t), Aˆσ(s
′, t)] = [Eˆλ(s, t), Eˆσ(s′, t)] = 0.
Here λ, σ = 1, 2 mean the two transverse directions, and S is
the cross-sectional area of the ring. Since we have reduced the
problem into 1-dimension the above quantization condition is
consistent with the Coulomb gauge condition ∇ ·A = 0 au-
tomatically. Now we write down the field operator Aˆ(s, t)
as
Aˆ(s, t) =
∑
k,λ
eˆkλZk[aˆkλe
iks−iωkt + aˆ†kλe
−iks+iωkt]. (13)
With the help of the above canonical quantization condition
(12), we can prove the following bosonic commutation rela-
tions (see Appendix B),
[aˆkλ, aˆqσ] = [aˆ
†
kλ, aˆ
†
qσ] = 0,
[aˆkλ, aˆ
†
qσ] = δkqδλσ ·
~ · |Zk|−2
2ǫ0V c|k| . (14)
Thus, the normalization constant is taken as Zk =√
~/2ǫ0V c|k|, where V = L · S is the effective volume of
the ring, so that [aˆkλ, aˆ†qσ] = δkqδλσ . Then we obtain the
quantized Hamiltonian of the EM field as
HˆEM =
ˆ
dV H =
∑
k,λ
~ωk(aˆ
†
kλaˆkλ +
1
2
). (15)
This Hamiltonian has the same form as that of the EM field
in the inertial frame, but the dispersion relation ωk is changed
due to the rotation [see Eq. (8)].
3JC-model in the rotating frame – Next we study the mo-
tion of a charged particle in the EM field in the rotating refer-
ence frame. To this end, we start with the invariant Lagrangian
of a charged particle in the effective curved spacetime [7, 8]
L = −mc[−gµν dx
µ
dτ
dxν
dτ
]
1
2 + eAµ
dxµ
dτ
, (16)
where τ is the proper time. The Hamiltonian description is ob-
tained from the following variation (see Ref. [8] or Appendix
C)
δS = δ
ˆ
L˜dt := δ
ˆ
[Piv
i −He]dt. (17)
Here vµ := dxµ/dt, vµ := dxµ/dt = gµνvν , L˜ := L · Γ−1
and
Γ :=
dt
dτ
=
c√−v0v0 − vivi
. (18)
As a conservative system, the Hamiltonian He is the func-
tional of xi(t) and Pi(t) (i = 1, 2, 3), and
Pi =
∂L˜
∂vi
= Γmvi + eAi := pi + eAi,
He = Piv
i − L˜ = −Γmv0v0 − eA0v0. (19)
Here pi := Γmvi is the mechanical momentum. Replacing vi
and vi by the canonical momentum Pi = pi + eAi in He, the
Hamiltonian of the charged particle is obtained as (see Ap-
pendix C)
He =
v0
g00
[g0ipi−
√
(g0ipi)2 − g00(gijpipj +m2c2)]−ev0A0.
Substituting in the metric gµν [Eq. (3)], the above Hamilto-
nian becomes
He =
√
(P− eA)2c2 +m2c4 + vR · (P− eA) + eϕ
≃ 1
2m
(P− eA)2 + vR · (P− eA) + eϕ, (20)
where P := (P1, P2, P3). In the quasi-1D ring, A is always
in the transverse direction and perpendicular to the linear ve-
locity vR, thus vR ·A = 0.
We consider an atom with the nucleus fixed at a certain po-
sition inside the ring cavity. Around the nucleus, the electron
is trapped by the central force potential ϕ ∼ r−1. Thus, in the
expansion of the above equation, Hatom := P2/2m + eϕ +
vR ·P is exactly the Hamiltonian of a hydrogen-like atom plus
a perturbation term vR ·P, which comes from the non-inertial
effect of rotation, and the term P · A describes the coupling
between the atom and the EM field.
Treating Pˆ and xˆ as operators, we obtain the energy lev-
els of the hydrogen-like atom. Then we focus on two en-
ergy levels |e〉 and |g〉 with a dipole transition. Neglecting
the Aˆ2 term, with the help of Eq. (13), the total Hamiltonian
Hˆ = Hˆe + HˆEM reads,
Hˆ =
~Ω
2
σˆz+ξσˆy+σˆy[
∑
k,λ
ηkλaˆkλ+η
∗
kλaˆ
†
kλ]+
∑
k,λ
~ωkaˆ
†
kλaˆkλ,
where σˆz := |e〉〈e| − |g〉〈g|, σˆx := |e〉〈g|+ |g〉〈e| and σˆy =
i[ˆσ,z σˆx]. The coefficients ξ and ηkλ are explicitly given as
ξ = i〈e|vR · Pˆ|g〉 = −mvRΩ
e
· (~p · eˆs),
ηkλ =
−ie
m
〈e|Zkeiks(Pˆ · eˆkλ)|g〉 (21)
≃ Ω(~p · eˆkλ)[ ~
2ε0V c|k| ]
1
2 eiks0 ,
where ~p := e〈e|xˆ|g〉 is the dipole moment [10]. Here the
dipole approximation is applied, and s0 is the position of the
atom. We choose s0 = 0 to cancel the phase factors. Com-
paring with the inertial case vR = 0, we see that Ω and ηkλ
is unchanged, and the contribution of rotation appears in the
correction term ξσˆy and the dispersion relation ωk.
We set the two polarization directions to be parallel and
vertical to the projection of ~p in the transversal section re-
spectively. Then the vertical optical modes are decoupled
with the atom [see Eq. (21)]. When the ring is not too long,
the frequencies of different eigen modes of the EM field
are well separated from each other, so we only consider the
modes nearly resonant with the atom. But we should notice
that, different from the Fabry-Pérot type, the k+ = |k| and
k− = −|k| modes are always nearly degenerate in ring cavity
(unless k = 0). When vR = 0, they are exactly degenerated
ωk+ = ωk− . That means, the k+ and k− modes must be con-
sidered together. Therefore, by omitting the double creation
and annihilation terms, we establish the JC-model of two-level
atom in a rotating ring cavity with the JC Hamiltonian
Hˆ =
~Ω
2
σˆz + ξσˆy + ~ω+aˆ
†
+aˆ+ + ~ω−aˆ
†
−aˆ−
+ gσˆ+(aˆ+ + aˆ−) + g∗σˆ−(aˆ
†
+ + aˆ
†
−), (22)
where the coupling strength g is
g = iΩ(~p · eˆkλ)[ ~
2ε0V c|k| ]
1
2 . (23)
Here aˆ± is the annihilation operator for the modes k±, and
their frequencies are ω± = (c∓ vR)|k| := ω0±∆, where we
define ω0 := c|k| as the rest frequency of the ring cavity and
∆ := −vRk as the rotation detuning. For simplicity, hereafter
we absorb the phase of g into the operators to make g = g∗ >
0 and set ~ = 1.
Rabi splitting in the rotating frame – We consider the
case that the dipole moment is parallel to the transverse direc-
tion, thus ξ = 0 and we can choose the polarization direction
to satisfy ~p · eˆkλ = |~p|. In this case, the excitation number
Nˆ := σˆz + aˆ†+aˆ+ + aˆ
†
−aˆ− is conserved, i.e., [Nˆ , Hˆ ] = 0.
The ground state is |G〉 = |g, 0, 0〉 and the eigen energy is
EG = −Ω/2. But generally we cannot give an analytical so-
lution for the whole energy spectrum. When ω0 = Ω, we
can obtain the eigen energy of the first three excited levels
[Fig. 2(d)], and they are
E0 =
Ω
2
, E± =
Ω
2
±∆g, (24)
4Figure 2: (Color online) (a, b) The steady photon number n± of
the two cavity modes. The two-level atom is resonant with the rest
frequency Ω = ω0, and we set ω0 = Ω = 1 as the unit. The other
parameters are g = 1 × 10−4, γ = 0.5 × 10−4, E = 0.05 × 10−4,
and (a) ∆ = 0 (b) ∆ = −vRk = 1 × 10−5. (c) The height of the
side peak of n+(Ω˜) at Ω˜ =
√
2g changes with the rotation detuning
∆. (d) Demonstration of the ground state and the first three excited
states.
where ∆g :=
√
∆2 + 2g2 (see Appendix D or Ref. [11]).
Therefore, if we use an external input to drive the ring cav-
ity weakly, we predict to see Rabi splitting with three resonant
peaks [12]. We consider a probing setup as demonstrated in
Fig. 1. An external driving laser is input to drive the k+-mode
of the ring cavity. The photons in the ring cavity can leak into
the output fiber, and then be probed by photon detectors.
We use the following master equation to describe the sys-
tem,
ρ˙ = i[ρ, Hˆ+Hˆd(t)]+
∑
α=+,−
γ
2
(
2aˆαρaˆ
†
α−{ρ, aˆ†αaˆα}
)
, (25)
where Hˆd(t) = E(eiωdtaˆ+ + e−iωdtaˆ†+) is the driving term.
Here we consider the case Ω = ω0. When the driving strength
E is weak, the cavity modes will not be excited to states with
large photon numbers, and we obtain (see Appendix D)
n+ ≃ 4E2M
F
, n− ≃ 16E2 g
4
F
, (26)
where
M :=4[g2 − Ω˜(Ω˜−∆)]2 + γ2Ω˜2, (27)
F :=γ4Ω˜2 + 8γ2[2g4 + Ω˜4 − 2g2Ω˜2 +∆2Ω˜2]
+ 16Ω˜2[2g2 − Ω˜2 +∆2]2,
and Ω˜ := Ω− ωd.
When γ → 0, the denominator F (Ω˜) has three minima
around Ω˜ = 0 and Ω˜ = ±
√
∆2 + 2g2, which give rise
to three peaks in n±(Ω˜) corresponding to the first three ex-
cited energy Eq. (24). We can also explicitly see that F (Ω˜)
is symmetric for ±Ω˜, i.e., F (Ω˜) = F (−Ω˜), but M(Ω˜) is
not. Therefore, n−(Ω˜) is symmetric for ±Ω˜, but n+(Ω˜) is
not. We plot the steady photon number n±(Ω˜) of the cav-
ity modes in Fig. 2. When there is no rotation, vR = 0, the
steady photon number of the two modes n±(Ω˜) are both sym-
metric with respect to the driving detuning ±Ω˜ [Fig. 2(a)]. It
is worth noticing that when there is a small rotating velocity,
the heights of the side peaks of n+(Ω˜), which correspond to
the mode aˆ+ being driven, change sensitively with rotating
velocity [Fig. 2(b)].
Since the positions of the side peaks are Ω˜ ≃
±
√
∆2 + 2g2, we plot the height of n+(Ω˜ =
√
2g) with re-
spect to the rotation detuning ∆ = −vRk around ∆ ≃ 0
[Fig. 2(c)]. When ∆ is quite small (in this example, we
have |∆/Ω| = |vR/c| < 10−5), n+(∆) depend linearly on
∆ = −vRk around ∆ = 0. From Eqs. (26, 27), we obtain the
slope of n+(∆, Ω˜ =
√
2g) around ∆ = 0 as
∂n+(Ω˜,∆)
∂∆
∣∣∣
Ω˜=
√
2g
≃ 64
√
2gE2
γ2(γ2 + 8g2)
. (28)
From these results, we see that the sensitivity of this height
change with respect to the rotating velocity can be controlled
by the coupling strength g and the decay rate γ. A ring cavity
with high quality promises a sensitive measurement.
In experiments, the steady photon number n± can be mea-
sured by the average output photon current. In a probe setup as
shown in Fig. 1, we have aˆ±,OUT = aˆ±,IN +
√
γaˆ± , and the
average output photon current is 〈aˆ†±,OUTaˆ±,OUT〉 = γn±
[13]. This photon current directly characterizes the steady
photon numbers of the cavity modes, and can be measured
by the photon detectors.
Summary – In conclusion, we have generally studied the
quantum optics for the interaction between light and atom in a
non-inertial reference frame by the approach of quantum field
theory in curved spacetime. For the two-level atom interacting
with the quantized EM field in a rotating ring cavity, our ap-
proach built a microscopic model described by a two-mode JC
Hamiltonian. Based on this generalized JC model, our study
predicts that that the heights of the side peaks in the Rabi split-
ting show a sensitive linear dependence on the rotating veloc-
ity at low speed. Therefore, this model can not only be utilized
for hybrid optical gyroscope design, but also provide the fu-
ture development of quantum gyroscope with a solid physical
base to consider the effect of quantum fluctuation.
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Appendix A: spacetime metric
Considering the system rotating along the z-axial in the
counter-clockwise direction, we have [2, 9]
t = T,
x = X cosΩt+ Y sinΩt, (A1)
y = −X sinΩt+ Y cosΩt,
z = Z.
Here, Xα = (cT,X, Y, Z) is the coordinates in the inertial
lab frame, while xα = (ct, x, y, z) is in the co-rotating frame.
We obtain the general coordinate transformation matrix as
[Λαβ ] = [
∂xα
∂Xβ
] =


1
Ωy/c cosΩt sinΩt
−Ωx/c − sinΩt cosΩt
1

 . (A2)
The spacetime metric gµν in the co-rotating frame, as a co-
variant tensor, can be calculated by
[gµν ] = [
∂xµ
∂Xα
· ηαβ · ∂x
ν
∂Xβ
]
=


−1 −Ωy
c
Ωx
c
−Ωy
c
1− Ω2y2
c2
Ω
2xy
c2
Ωx
c
Ω
2xy
c2
1− Ω2x2
c2
1

 , (A3)
where ηµν = diag{−1, 1, 1, 1} is the metric in the inertial lab
frame. And we also have
gµν = [g
µν ]−1
=


−1 + Ω2
c2
(x2 + y2) −Ωy
c
Ωx
c
−Ωy
c
1
Ωx
c
1
1

 . (A4)
Appendix B: Canonical quantization of the rotating EM field
In the canonical quantization of the rotating EM field, it is
crucial to find a proper orthogonal relation of the field oper-
ator Aˆ(s, t). This relation can be obtained with the help of a
density-flow relation derived from the equation of motion.
From the equation of A(s, t)
[−∂20 + 2v˜R∂s∂0 + (1− v˜2R)∂2s ]Ai = 0, (B1)
we obtain the following density-flow relation
∂0[A
∗DA] = ∂s[A∗JA], (B2)
where
A
∗DA :=(A∗ · ∂0A−A · ∂0A∗)
− v˜R(A∗ · ∂sA−A · ∂sA∗),
A
∗JA :=(1− v˜2R)(A∗ · ∂sA−A · ∂sA∗)
+ v˜R(A
∗ · ∂0A−A · ∂0A∗).
Integrating Eq. (B2) over the whole space, we obtain
∂0
(ˆ
dS ·
ˆ
L
0
ds[A∗DA]
)
= 0, (B3)
where
´
dS is the integral over the cross section and gives a
constant area S. Then we know that this integral is a conserved
constant independent of time (but still not determined yet).
Then we can find some orthogonal relations. For the eigen
solution
Akλ(s, t) := eˆkλak(s, t) := eˆkλZke
iks−iωkt, (B4)
we have the following orthogonal relation
ˆ L
0
ds[A∗qσDAkλ] = −
2i|Zk|2L
c
(ωk + vRk) δkqδλσ,
ˆ L
0
ds[AqσDAkλ] =
ˆ L
0
ds[A∗qσDA∗kλ] = 0. (B5)
Notice that no matter k > 0 and k < 0, we both have ωk +
vRk = c|k|.
With the help of the above orthogonal relation, for the field
operator
Aˆ(s, t) =
∑
k,λ
eˆkλZk[aˆkλe
iks−iωkt + aˆ†kλe
−iks+iωkt],
6we have ˆ L
0
ds[A∗kλDAˆ] = −2i|Zk|2L|k| · aˆkλ,
ˆ L
0
ds[AkλDAˆ] = 2i|Zk|2L|k| · aˆ†kλ. (B6)
Notice that indeed the above terms in the integrals can be
written as
A
∗
kλDAˆ = a∗kλ · (∂0 − v˜R∂s)Aˆ− Aˆ · (∂0 − v˜R∂s)a∗kλ
=
a∗kEˆλ
cε0
− i|k|a∗kAˆλ,
AkλDAˆ = akλ · (∂0 − v˜R∂s)Aˆ− Aˆ · (∂0 − v˜R∂s)akλ
=
akEˆλ
cε0
+ i|k|akAˆλ.
Then, together with the canonical quantization condi-
tions [Aˆλ(s, t), Eˆσ(s′, t)] = i~δσλδ(s − s′) · A−1 and
[Aˆλ(s, t), Aˆσ(s
′, t)] = [Eˆλ(s, t), Eˆσ(s′, t)] = 0, we can cal-
culate [aˆkλ, aˆ†qσ] from Eq. (B6) as follows
[ 2|Zk|2L|k| · aˆkλ, 2|Zq|2L|q| · aˆ†qσ]
=
¨
dsds′
[
A
∗
kλ(s, t)DAˆ(s, t), Aqσ(s′, t)DAˆ(s′, t)
]
=
¨
dsds′
[a∗kEˆλ(s)
cε0
− i|k|a∗kAˆλ(s),
aq Eˆσ(s′)
cε0
+ i|q|aqAˆσ(s′)
]
=
2~L|k|
cε0S
· |Zk|2 · δσλδkq .
Therefore, we choose the normalization constant Zk to be
Zk = [
~
2ε0V (ωk + vRk)
]
1
2 = [
~
2ε0V c|k| ]
1
2 , (B7)
where V := L·S is the volume of the quasi-1D ring, so that we
obtain the bosonic commutation relation [aˆkλ, aˆ†qσ] = δλσδkq .
With the same method, we can also check [aˆkλ, aˆqσ ] =
[aˆ†kλ, aˆ
†
qσ] = 0.
After we have got the normalization constant Zk, it is
straightforward to verify that the Hamiltonian of the rotating
EM field is
HˆEM =
ˆ
dV H
=
ˆ
dV
[1
2
ε0(∂tAˆ)
2 +
1− v˜2R
2µ0
(∂sAˆ)
2
]
=
∑
k,λ
1
2
~ωk(aˆ
†
kλaˆkλ + aˆkλaˆ
†
kλ).
Appendix C: Hamiltonian description of a charged particle in
the co-rotating EM field
The Hamiltonian equation can be derived from the follow-
ing variation,
δ
ˆ
Ldτ = δ
ˆ
L˜dt = δ
ˆ
(Pi
dxi
dt
−H)dt = 0, (C1)
where H [xi(t), P i(t)] is the functional of independent vari-
ables xi(t) and Pi(t). The above variation gives
0 =δ
ˆ (
Pi
dxi
dt
−H [xi, Pi]
)
dt (C2)
=Piδx
i
∣∣∣
B
A
+ δ
ˆ
(
dxi
dt
− ∂H
∂Pi
)δPi + (
dPi
dt
+
∂H
∂xi
)δxi.
A and B are the initial and final points of the trajectories of
xi(t) which are fixed, and thus the first term is zero. Since δxi
and δPi are independent variables, the above variation leads
to the Hamilton equations
dxi
dt
=
∂H
∂Pi
,
dPi
dt
= −∂H
∂xi
. (C3)
Here we have utilized the following relation
δ
ˆ
Piv
idt =
ˆ [
viδPi + Piδ(
dxi
dt
)
]
dt
=
ˆ [
viδPi + Pi
d
dt
(δxi)
]
dt (C4)
= Piδx
i
∣∣∣
B
A
+
ˆ [ d
dt
xi · δPi − d
dt
Pi · δxi
]
dt.
Therefore, for a charged particle in the co-rotating EM field,
we have
Pi =
∂L˜
∂vi
= Γmvi + eAi := pi + eAi,
H = Piv
i − L˜ = Γm(vivi + c
2
Γ2
)− eA0v0 (C5)
= −Γmv0v0 − eA0v0.
Here we denote vµ := dxµ/dt, vµ := dxµ/dt. And we denote
pi := Γmvi as the mechanical momentum. Here we take
xµ = (ct, x1, x2, x3) and xµ = gµνxν , thus we have v0 = c.
Further, we still need to replace Γmv0 by the canonical mo-
mentum Pi in the Hamiltonian H . We emphasize that here
we only have got the relation between Pi, pi and vi from
Eq. (C5), but we did not have the definition of P0, p0, so we
cannot just naively replace Γmv0 as p0. To find the relation
between Γmv0 and Pi, pi, we should notice the following two
relations,
Γ2m2viv
i = Γ2m2vi(g
i0v0 + g
ijvj) (C6)
= gi0pi · Γmv0 + gijpipj
Γ2m2viv
i = m2c2 · viv
i
−v0v0 − vivi (C7)
= −m2c2 − Γmv0 · Γmv0
= −g00(Γmv0)2 − g0ipi · (Γmv0)−m2c2
Therefore, we obtain an equation about Γmv0, i.e.,
g00(Γmv0)
2+2g0ipi · (Γmv0)+gijpipj+m2c2 = 0, (C8)
7which leads to the solution (Γmv0 should be negative, so the
other positive solution is invalid)
Γmv0 =
g0ipi −
√
(g0ipi)2 − g00(gijpipj +m2c2)
−g00 .
Therefore, we have
He =
v0
g00
[g0ipi−
√
(g0ipi)2 − g00(gijpipj +m2c2)]−ev0A0,
where pi = Pi − eAi.
Appendix D: Steady photon number
For the JC-model for a two-level atom in a rotating ring
cavity
Hˆ =
~Ω
2
σˆz + ξσˆy + ~ω+aˆ
†
+aˆ+ + ~ω−aˆ
†
−aˆ− (D1)
+ gσˆ+(aˆ+ + aˆ−) + g∗σˆ−(aˆ
†
+ + aˆ
†
−),
we can directly verify that the ground state is |g, 0, 0〉 and the
eigen energy is EG = −Ω/2.
The excitation number Nˆ := σˆz + aˆ†+aˆ+ + aˆ
†
−aˆ− is al-
ways conserved, i.e., [Nˆ, Hˆ ] = 0. Thus, the single excitation
subspace, which is spanned by |e, 0, 0〉, |g, 1, 0〉, |g, 0, 1〉, is
closed, i.e.,
Hˆ |e, 0, 0〉 = Ω
2
|e, 0, 0〉+ g|g, 1, 0〉+ g|g, 0, 1〉
Hˆ |g, 1, 0〉 = g|e, 0, 0〉+ (ω0
2
+ ∆)|g, 1, 0〉 (D2)
Hˆ |g, 0, 1〉 = g|e, 0, 0〉+ (ω0
2
−∆)|g, 0, 1〉
When Ω = ω0, the above eigen equations can be diagonal-
ized exactly and we can obtain the eigen energy states in the
single excitation subspace. The eigen energies are E0 = Ω/2
and E± = Ω/2 ± ∆g , where ∆g :=
√
∆2 + 2g2, and the
eigenstates are
|E0〉 = 1
Z0
[
∆|e, 0, 0〉 − g|g, 1, 0〉+ g|g, 0, 1〉
]
, (D3)
|E±〉 = 1
Z±
[
g(∆±∆g)|e, 0, 0〉+ 1
2
(∆±∆g)2|g, 1, 0〉
+ |g|2|g, 0, 1〉
]
,
where Z0 and Z± are normalization constants.
When we use an external laser to drive the aˆ+ mode, the
master equation of the system is
ρ˙ = i[ρ, Hˆ+Hˆd(t)]+
∑
α=+,−
γ
2
(
2aˆαρaˆ
†
α−{ρ, aˆ†αaˆα}
)
, (D4)
where Hˆd = E(eiωdtaˆ+ + e−iωdtaˆ†+) is the driving term. We
make a unitary transformation by exp[iωd(aˆ†+aˆ+ + aˆ
†
−aˆ− +
σˆz/2)], and the equation becomes time independent. Then we
obtain equations for observable expectations as follows
0 = −i(ω˜+ − iγ
2
)α+ − ig〈σˆ−〉 − iE
0 = −i(ω˜− − iγ
2
)α− − ig〈σˆ−〉
0 = −i(ω˜+ − iγ
2
)S+ − iE〈σˆz〉+ ig〈σˆ−〉
0 = −i(ω˜− − iγ
2
)S− + ig〈σˆ−〉
0 = −i(ω˜+ − Ω˜− iγ
2
)Z+ − iE〈σˆ+〉 − i g
2
(〈σˆz〉+ 1)
0 = −i(ω˜− − Ω˜− iγ
2
)Z− − i g
2
(〈σˆz〉+ 1)
0 = −iΩ˜〈σˆ−〉+ ig(S+ + S−)
0 = (Z+ − Z∗+) + (Z− − Z∗−)
Here we denote Z± := 〈σˆ+aˆ±〉, S± := 〈σˆz aˆ±〉, α± :=
〈aˆ±〉 and ω˜± := ω± − ωd, Ω˜ := Ω − ωd. In this
equation we have omitted terms of higher orders, like
〈σˆz aˆ†±aˆ±〉, 〈σˆz aˆ†+aˆ−〉, so the above linear equations be-
come complete. This approximation requires that the driving
strength is weak thus the excitation is very low.
From this set of linear equations, we obtain the solution of
α± = 〈aˆ±〉, and then we obtain n± ≃ |α±|2 as follows
n+ ≃|α+|2 = 4E
2[MF 2D + o(E2)]
(FD + 4E2G)2 , (D5)
n− ≃|α−|2 = 16E
2g4 · F 2D
(FD + 4E2G)2 ,
where
M :=4(g2 − Ω˜ω˜−)2 + γ2Ω˜2,
D :=γ2 + 4∆2,
F :=γ4Ω˜2 + 4γ2[2g4 + (ω˜+Ω˜− g2)2 + (ω˜−Ω˜− g2)2]
+ 16Ω˜2[2g2 − Ω˜2 +∆2]2,
G :=16∆2
[
(2g2 − Ω˜2)ω˜2− + 2g2Ω˜∆
]
+ γ4(2g2 − Ω˜2)
+ 4γ2
[
(2g2 − Ω˜2)∆2 + (2g2 − Ω˜2)ω˜2− + 2g2Ω˜∆
]
.
When the driving strength E is weak, we omit terms of o(E2)
in Eq. (D5) and obtain
n+ ≃ 4E
2M
F
, n− ≃ 16E
2g4
F
. (D6)
For the case that the atom is resonant with the resonant fre-
quency, i.e., Ω = ω0, we have ω˜± = Ω˜±∆, and we obtain
M :=4[g2 − Ω˜(Ω˜−∆)]2 + γ2Ω˜2,
F :=γ4Ω˜2 + 8γ2[2g4 + Ω˜4 − 2g2Ω˜2 +∆2Ω˜2]
+ 16Ω˜2[2g2 − Ω˜2 +∆2]2
This is what we have shown in the text.
The above master equation can be also solved numerically
by setting a cutoff on the Hilbert dimension of the cavity
8modes. We find that when the driving strength E is weak,
the above analytical results of the steady photon number show
well accordance with the numerical calculations.
